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The Refined Gribov-Zwanziger framework takes into account the existence of equivalent gauge
field configurations in the gauge-fixing quantization procedure of Euclidean Yang-Mills theories.
Recently, this setup was extended to the family of linear covariant gauges giving rise to a local and
BRST-invariant action. In this paper, we give an algebraic proof of the renormalizability of the
resulting action to all orders in perturbation theory.
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I. INTRODUCTION
A general feature of the continuum formulation of non-Abelian gauge theories is the gauge-fixing procedure. As
is widely known, this can be achieved through the so-called Faddeev-Popov method which gives consistent results
within the perturbative treatment of gauge theories. Nevertheless, as was shown by Gribov in [1], the Faddeev-Popov
procedure relies on some hypothesis which are not well grounded as long as one goes away from the perturbative
regime. The problem arises from the fact that a gauge-fixing condition is not enough to fix completely the gauge
freedom, allowing for gauge equivalent configurations, the so-called Gribov copies, even after imposing the gauge-fixing
condition. It was soon realized that this is not a particular problem of some specific gauge-fixing, but an intrinsic
problem related to the non-trivial geometrical structure non-Abelian gauge theories, see [2]. For a pedagogical intro-
duction to the Gribov problem, we refer to [3–6].
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2In the Landau gauge, the gauge-fixing condition is expressed as
∂µA
a
µ = 0 . (1)
Such a condition would be ideal if any gauge equivalent configuration A′aµ , connected through A
a
µ via a gauge trans-
formation, would not satisfy (1). For concreteness, one can assume that Aaµ and A
′a
µ are connected via an infinitesimal
gauge transformation. Hence,
A′aµ = A
a
µ −Dabµ θb , ∂µA′aµ = 0 ⇒ −∂µDabµ θb = 0 , (2)
with θa an infinitesimal gauge parameter and Dabµ ≡ δab∂µ − gfabcAcµ, the covariant derivative in the adjoint repre-
sentation of the gauge group1. Eq.(2) reveals that the configuration A′aµ satisfies the gauge condition (1), i.e. it is
a Gribov copy of Aaµ, if the operator −∂µDabµ develops zero-modes. In [1], it was proven that such zero-modes exist
and explicit examples were constructed. As a consequence, even after the gauge-fixing procedure, a residual gauge
redundancy remains or, in other words, the gauge-fixing is not ideal. Therefore, the Faddeev-Popov procedure should
not be strictly applied as it stands, requiring an improvement at the non-perturbative level.
Already in [1], Gribov proposed that, besides the standard gauge-fixing, a further constraint should be imposed
to the path integral: the functional measure should be restricted to a region free from zero-modes of the Faddeev-
Popov operator −∂µDabµ . Such a region, known as the Gribov region ΩL, is defined as
ΩL =
{
Aaµ , ∂µA
a
µ = 0 | − ∂µDabµ > 0
}
, (3)
where the subscript L means that one is referring to the Landau gauge. It is important to point out here that, in
this gauge, the Faddeev-Popov operator −∂µDabµ , is hermitian, implying that its eigenvalues are real. This property
allows for a meaningful requirement of the positivity of the Faddeev-Popov operator. Moreover, it has been proven
in [7] that the region ΩL enjoys a set of remarkable features : i) It is bounded in all directions in field space; ii) The
trivial perturbative vacuum Aaµ = 0 belongs to ΩL; iii) It is convex; iv) All gauge orbits cross ΩL at least once. From
(2) and (3), it is clear that the Gribov region is free from infinitesimal Gribov copies. Unfortunately, it still contains
copies generated by large gauge transformations and one should look for a region truly free from Gribov copies, known
as the fundamental modular region, see [8]. Ideally, one should restrict the path integral to the fundamental modular
region rather than the Gribov region. Nevertheless, till now, a practical operational way to restrict the functional
integral to the fundamental modular region has not yet been achieved. We stick therefore to the Gribov region ΩL.
Formally, Gribov’s proposal can written as
Z =
∫
ΩL
[DΦ] e−(SYM+SFP) , (4)
with
SYM =
1
4
∫
d4x F aµνF
a
µν , SFP =
∫
d4x
(
iba∂µA
a
µ + c¯
a∂µD
ab
µ c
b
)
, (5)
where ba, c¯a, ca are the auxiliary Nakanishi-Lautrup field, the Faddeev-Popov antighost and ghost fields, respectively,
and Φ is a shorthand notation for all the fields of the theory. The field strength F aµν is given by
F aµν = ∂µA
a
ν − ∂νAaµ + gfabcAbµAcν . (6)
The implementation of the restriction to the region ΩL, as expressed in eq.(4), was worked out at leading order by
Gribov in [1] and to all orders by Zwanziger in [9]. Although the procedures pursued are different, their equivalence
1 We consider SU(N) gauge theories in four Euclidean dimensions.
3was established to all orders in [10]. Effectively, the restriction to ΩL is achieved through the following modification
of the original Faddeev-Popov path integral,
Z =
∫
ΩL
[DΦ] e−(SYM+SFP) =
∫
[DΦ] e−(SYM+SFP+γ
4H(A)−4V γ4(N2−1)) , (7)
where
H(A) = g2
∫
d4xd4y fabcAbµ(x)
[
M−1
]ad
(x, y)fdecAeµ(y) , (8)
is the so-called horizon function, with Mab = −∂µDabµ , V is the spacetime volume and N is the number of colors. The
parameter γ has mass dimension one and is known as the Gribov parameter. It is not free, but determined through
a gap equation,
〈H(A)〉 = 4V (N2 − 1) , (9)
with 〈. . .〉 taken with the functional measure defined in (7). As is evident from (8), the horizon function is non-local,
giving rise to a non-local action which, thanks to the aforementioned properties of the Gribov region ΩL
2, takes
into account the existence of a huge set of Gribov copies. Remarkably, such an action can be localized through the
introduction of auxiliary fields viz. a pair of bosonic ones (ϕ¯, ϕ)abµ and a pair of anticommuting fields (ω¯, ω)
ab
µ . In the
Landau gauge, the local action takes the following form
SGZ = SYM + SFP −
∫
d4x
(
ϕ¯acµ M
abϕbcµ − ω¯acµ Mabωbcµ + gfadlω¯acµ ∂ν
(
ϕlcµD
de
ν c
e
))− γ2 ∫ d4x gfabcAaµ(ϕ+ ϕ¯)bcµ , (10)
and is known as the Gribov-Zwanziger action. It is easy to check that, upon integration of the auxiliary fields, the
non-local action (7) is recovered. This action is renormalizable to all orders in perturbation theory [9] and provides
a local framework which, thanks to the aforementioned properties of the Gribov region ΩL, takes into account the
existence of a huge set of Gribov copies in the Landau gauge.
Nevertheless, It was realized in [11] that the restriction to the Gribov region leads to additional non-perturbative
instabilities giving rise to the formation of dimension-two condensates. In particular, it was shown that the conden-
sates 〈AaµAaµ〉 and 〈ϕ¯abµ ϕabµ − ω¯abµ ωabµ 〉 are non-vanishing already at one-loop order, besides being free of ultraviolet
divergences, see also [12–14].
Taking into account the existence of such condensates from the beginning, gives rise to the so-called Refined Gribov-
Zwanziger (RGZ) action, which is expressed as
SRGZ = SGZ +
m2
2
∫
d4x AaµA
a
µ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
, (11)
where the mass parameters m and M are dynamically determined by their own gap equations, see [13]. The RGZ
action enjoys many interesting properties. In particular, the tree-level gluon propagator reads
〈Aaµ(k)Abν(−k)〉 = δab
k2 +M2
(k2 +m2)(k2 +M2) + 2g2Nγ4
(
δµν − kµkν
k2
)
, (12)
from which one sees that it attains a finite value at k = 0. Such a massive/decoupling behavior is in agreement
with the most recent lattice data as well as with functional and effective methods, [15–22]. As observed in [23], in
d = 2 the refinement does not occur due to the existence of infrared divergences which prevent the formation of the
2 We underline here that the important property that all gauge orbits cross ΩL at least once, gives a well defined support to original
Gribov’s proposal of restricting the domain of integration in the path integral to the region ΩL, although ΩL itself is not free from
Gribov copies.
4condensates. As a consequence, in d = 2 the gluon propagator vanishes at zero momentum, giving rise to the so-called
scaling solution [24]. In d = 3 [26] as well as d > 4, [27], the massive/decoupling behavior persists. Such different
behavior for d = 2 and d > 3 is also observed in lattice simulations, see [28]. Let us emphasize that the propagator
(12) displays positivity violation [11, 28], a fact that does not allow to interpret gluons as excitations of the physical
spectrum of the theory, giving thus a strong signal of color confinement.
The Gribov-Zwanziger formulation has been object of intensive investigation in recent years, with particular em-
phasis on the establishment of its BRST invariance, see, for instance, [29–45] for previous attempts. Recently, in
[46], the existence of a manifest exact BRST invariance of the Gribov-Zwanziger action and of its refined version has
been achieved through the use of the non-local, transverse and gauge-invariant field3 Ah,aµ , introduced in [47, 48].
Explicitly, Ah,aµ can be written as an infinite non-local series, given by
4
Ahµ =
(
δµν − ∂µ∂ν
∂2
)(
Aν − ig
[
1
∂2
∂A,Aν
]
+
ig
2
[
1
∂2
∂A, ∂ν
1
∂2
∂A
]
+O(A3)
)
, (13)
with Ahµ being BRST-invariant.
sAhµ = 0 , sA
a
µ = −Dabµ (A)cb . (14)
When written in terms of Ahµ, the RGZ action in the Landau gauge can be expressed as [46]:
S˜LRGZ = SYM + SFP −
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ
)− γ2 ∫ d4x gfabcAh,aµ (ϕ+ ϕ¯)bcµ
+
m2
2
∫
d4x Ah,aµ A
h,a
µ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
, (15)
with
Mab(Ah) = −δab∂2 + gfabcAh,cµ ∂µ , with ∂µAh,aµ = 0 . (16)
Despite the presence of the Zwanziger’s localizing fields, the action (15) is still non-local due to the presence of the
non-local field Ah,aµ , see eq.(13). Notwithstanding, a localization of such an action was introduced in [49] by means of
the use of a Stueckelberg-like field ξa. More specifically, following [49], the non-local expression (13) is re-expressed
in a local way as
Ahµ = h
†Aµh+
i
g
h†∂µh , (17)
where
h = eigξ
aTa , (18)
with ξ being an auxiliary Stueckelberg field. In addition, one imposes the transversality condition
∂µA
h
µ = 0 . (19)
When solved iteratively for the Stueckelberg field, equations (17),(19) give back the non-local expression (13), see [49]
for the details.
Therefore, for the local and BRST-invariant RGZ action in the Landau gauge one gets [49]:
3 We refer to Appendix. A of [46] for the details of the construction of Ah,aµ .
4 We employ a matrix notation, as described in Appendix. A of [46].
5SLRGZ = SYM + SFP −
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ
)− γ2 ∫ d4x gfabc(Ah)aµ(ϕ+ ϕ¯)bcµ
+
m2
2
∫
d4x (Ah)aµ(A
h)aµ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb , (20)
with τa being a Lagrange multiplier needed to imposes the transversality of Ahµ, eq.(19). The fields (η¯
a, ηa) are a pair
of ghosts needed to take into account the Jacobian5 arising from the transversality constraint (19), ∂µA
h
µ = 0. We
remind the reader to Appendix. A for the proof of the equivalence between the RGZ actions given in eqs.(20) and
(11). As a consequence, the functional integral for the local and BRST-invariant RGZ action in the Landau gauge is
written as
Z =
∫
[Dµ] e−SRGZ+4V γ
4(N2−1) , (21)
where
[Dµ] = [DA] [Db] [Dc¯] [Dc] [Dϕ¯] [Dϕ] [Dω¯] [Dω] [Dτ ] [Dξ] [Dη¯] [Dη] . (22)
Explicitly, the nilpotent BRST transformations which leave the action (20) invariant are
sAaµ = −Dabµ cb , sca =
g
2
fabccbcc ,
sc¯a = iba , sba = 0 ,
sϕabµ = 0 , sω
ab
µ = 0 ,
sω¯abµ = 0 , sϕ¯
ab
µ = 0 ,
shij = −igca(T a)ikhkj , sAh,aµ = 0 ,
sτa = 0 , sη¯a = 0 ,
sηa = 0 , s2 = 0 . (23)
The BRST transformation of the Stueckelberg field ξa can be obtained iteratively from the transformation of hij , i.e.
(shij = −igca(T a)ikhkj), yielding
sξa = gab(ξ)cb , (24)
where gab(ξ) is a power series in ξa, namely
gab(ξ) = −δab + g
2
fabcξc − g
2
12
famrfmbqξqξr +O(g3) . (25)
Having a local and BRST invariant setup which takes into account the existence of Gribov copies in the Landau
gauge, it is natural to look for an extension of such a framework to different gauges. A natural generalization are the
so-called linear covariant gauges, where the gauge condition reads
∂µA
a
µ = −iαba , (26)
with α a non-negative gauge parameter. Although this class of gauges preserves the linearity of the Landau gauge, it
introduces a gauge parameter α as well as a longitudinal sector for the gluon fields. In a series of papers [46, 49–55],
the development of the RGZ action to linear covariant gauges was worked out. Besides being interesting by its
own as a further development of the RGZ framework, recent studies within analytic as well as numerical lattice
5 In [49] the ghosts (η¯, η)a were not introduced. Although this term does not alter the results of [49], such a term is needed in order to
prove the equivalence between the local and non-local and formulations. We acknowledge U. Reinosa, J. Serreau, M. Tissier and N.
Wschebor for discussions on this issue.
6approaches to non-perturbative Yang-Mills theories started employing the linear covariant gauges [56–61]. Hence, an
interplay between these different approaches, as performed in the Landau gauge, becomes possible, leading to a deeper
understanding of the behavior of the correlation functions in the non-perturbative infrared region in this class of gauges.
In this paper we pursue the study of the RGZ formulation initiated in [46, 49–55], by addressing the issue of
the renormalizability properties of the local and BRST invariant RGZ action in the linear covariant gauges. In partic-
ular, we prove, using the algebraic renormalization setup [62], the all orders renormalizability of the RGZ framework
in the linear covariant gauge, a topic which was still lacking in our previous studies.
The structure of the paper is the following: In Sect. II we give a brief overview of the construction of the RGZ
action in the linear covariant gauges. Subsequently, in Sect. III we identify the classical complete action which will
be the starting point for the algebraic renormalization analysis. In Sect. IV we give the formal proof of the all order
renormalizability of the RGZ action in the linear covariant gauges. Finally, we collect our conclusions. Additional
material clarifying some specific technical points of this work are collected in the appendix.
II. THE REFINED GRIBOV-ZWANZIGER ACTION IN THE LINEAR COVARIANT GAUGES
Within the standard Faddeev-Popov framework, the gauge-fixed Yang-Mills action in the linear covariant gauges
reads
SFPLCG = SYM +
∫
d4x
(
iba∂µA
a
µ +
α
2
baba + c¯a∂µD
ab
µ c
b
)
= SYM +
∫
d4x s
(
c¯a∂µA
a
µ −
iα
2
c¯aba
)
, (27)
where the gauge parameter α is non-negative. The particular case α = 0 is the Landau gauge. Very much close to the
case of the Landau gauge, infinitesimal Gribov copies arise as long as the Faddeev-Popov operator −∂µDabµ develops
zero-modes. Nevertheless, for non-vanishing α, such an operator is not Hermitean, a feature that jeopardizes the
standard Gribov-Zwanziger analysis for the removal of such zero-modes from the path integral measure. This problem
has been a great challenge in dealing with Gribov copies for generic values of α. A first attempt to face this issue
was to consider the operator −∂µDabµ projected onto the transverse component of the gauge field, see [52–54]. In this
case, the resulting projected operator is Hermitean and the standard procedure for the construction of a horizon-like
function is available. This setup was worked out in [52, 53] and its renormalizability was analyzed in details in
[54]. Nonetheless, it exhibits drawbacks: i) the limit α = 0 does not fully recover the standard (R)GZ action in the
Landau gauge and ii) it breaks BRST symmetry softly, a feature that obscures the control of the gauge parameter
independence of the correlation functions of gauge invariant quantities. These difficulties have been overcome by the
construction of a BRST invariant formulation of the RGZ action in the Landau gauge which, as discussed in [46],
naturally leads to a BRST invariant formulation of the linear covariant gauges.
Following [46], the local and BRST-invariant RGZ action in the linear covariant gauges is written as
SLCGRGZ = S
FP
LCG −
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ
)− γ2 ∫ d4x gfabc(Ah)aµ(ϕ+ ϕ¯)bcµ
+
m2
2
∫
d4x (Ah)aµ(A
h)aµ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb . (28)
This action is invariant under the nilpotent BRST transformations (23). As such, the following properties can be
shown to hold, see [49–51]:
• Correlation functions of gauge-invariant quantities are α-independent;
• The mass parameters (γ,m,M) are independent from the gauge parameter α and, as a consequence, can enter
physical quantities;
• The longitudinal part of the gluon propagator is exact and equal to the tree-level result;
• The pole mass of the transverse component of the gluon propagator is independent from α.
7• The action (28) effectively implements the restriction of the path integral to the functional region Σ defined as
Σ =
{
Aaµ , ∂µA
a
µ = αib
a
∣∣∣ − ∂µDabµ (Ah) > 0} . (29)
At the tree-level, the gluon propagator stemming from the action (28) is
〈Aaµ(k)Abν(−k)〉 = δab
[
k2 +M2
(k2 +m2)(k2 +M2) + 2g2Nγ4
(
δµν − kµkν
k2
)
+
α
k2
kµkν
k2
]
. (30)
At this order, the transverse component of the propagator is α-independent, but one should keep in mind that as
long as higher loops are considered, α-dependent corrections might appear. Though, we underline that the pole
mass of the transverse component retains its independence from α to all orders [49–51]. For the longitudinal part, as
previously mentioned, the result is exact. The tree-level propagator (30) is in good agreement with the most recent
lattice data in the linear covariant gauges [60]. As in the Landau gauge, a massive/decoupling behavior is observed
for the transverse component.
Owing to the aforementioned prescription for a BRST-invariant (R)GZ construction in the linear covariant gauges,
it was established in [50] that, in great similarity with the Landau gauge, the formation of the refining condensates
happens in d = 3, 4 but not in d = 2. Also, matter fields were introduced in [55] according to the prescription
developed in [32], giving rise to analytic expressions for the non-perturbative propagators for scalar fields in the
adjoint representation of the gauge group as well as for quarks in the fundamental representation.
III. RENORMALIZABILITY ANALYSIS: PRELIMINARIES
A. Conventions
In order to give an algebraic proof of the renormalizability of the action (28), it is convenient, in analogy with [63],
to adopt the following parametrization:
Aaµ →
1
g
Aaµ , b
a → gba , ξa → 1
g
ξa , α→ α
g2
, m2 → m2g2 , τa → gτa , (31)
As a consequence, the Faddeev-Popov action in the linear covariant gauges is rewritten as
SFPLCG =
1
4g2
∫
d4x F aµνF
a
µν +
∫
d4x
(
iba∂µA
a
µ +
α
2
baba + c¯a∂µD
ab
µ c
b
)
, (32)
with
F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµAcν , Dabµ = δab∂µ − fabcAcµ , (33)
the redefined field strength and covariant derivative. Accordingly, the RGZ action in the linear covariant gauges
becomes
SLCGRGZ = S
LCG
FP −
∫
d4x
[
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ + γ2fabc(Ah)aµ(ϕ+ ϕ¯)bcµ
]
+
m2
2
∫
d4x (Ah)aµ(A
h)aµ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb , (34)
with
Ahµ ≡ (Ah)aµ T a = h†Aµh+ ih†∂µh , h = eiξ
aTa . (35)
8After the redefinition (31), the BRST transformations read
sAaµ = −Dabµ cb , sca =
1
2
fabccbcc ,
sc¯a = iba , sba = 0 ,
sϕabµ = 0 , sω
ab
µ = 0 ,
sω¯abµ = 0 , sϕ¯
ab
µ = 0 ,
sξa = gab(ξ)cb , sAh,aµ = 0 ,
sτa = 0 , sη¯a = 0 ,
sηa = 0 , s2 = 0 , (36)
with
gab(ξ) = −δab + 1
2
fabcξc − 1
12
facdf cbeξeξd +O(ξ3) . (37)
Before writing the Ward identities, we need to introduced a suitable set of external sources which we describe in
details in the next subsection.
B. Introduction of external sources
Let us begin by introducing the following set of sources (M,V,N,U)abµν and express the term which contains the
Gribov parameter γ in (28) as
∫
d4x γ2fabc(Ah)aµ(ϕ+ ϕ¯)
bc
µ −→
∫
d4x
(
Maiµ D
ab
µ (A
h)ϕbi + V aiµ D
ab
µ (A
h)ϕ¯bi +Naiµ D
ab
µ (A
h)ωbi
+ Uaiµ D
ab
µ (A
h)ω¯bi −Maiµ V aiµ +Naiµ Uaiµ
)
, (38)
where we are employing the multi-index notation i = (a, µ) in the same way as done in [11, 29, 64]. We also
emphasize that the presence of terms which are quadratic in the sources is allowed by power counting. The local
sources (M,V,N,U)abµν enlarge the original theory (28) which is recovered by demanding that they attain a suitable
physical limit, namely
Mabµν
∣∣∣
phys
= V abµν
∣∣∣
phys
= γ2δabδµν ,
Nabµν
∣∣∣
phys
= Uabµν
∣∣∣
phys
= 0 , (39)
from which the right-hand side of eq.(38) reduces precisely to the left-hand side. Also, in order to preserve the BRST
invariance of the theory, the sources are chosen to be BRST-singlets, i.e.
sMaiµ = sV
ai
µ = sN
ai
µ = sU
ai
µ = 0 , (40)
In addition, following the procedure of the algebraic renormalization setup [67], additional external sources coupled
to the composite operators corresponding to the non-linear BRST transformations of the fields need to be introduced,
i.e.
Ssources =
∫
d4x
[
−ΩaµDabµ cb +
1
2
Lafabccbcc + J aµ (Ah)aµ +Kagab(ξ)cb
]
, (41)
where the composite operator (Ah)aµ has also been coupled to its corresponding source J aµ , see [63]. Finally, according
to the local composite operator method (LCO) [65, 66] for evaluating the effective potential giving rise to the dimension
9two condensates 〈Ahaµ Ahaµ 〉 and 〈ω¯aiωai−ϕ¯aiϕai〉, two external sources J and J˜ coupled to the corresponding operators
(Ahaµ (x)A
ha
µ (x)) and (ω¯
ai(x)ωai(x)− ϕ¯ai(x)ϕai(x)), need be introduced,
Scond =
∫
d4x
[
J(Ah)aµ(A
h)aµ + J˜(ω¯
aiωai − ϕ¯aiϕai) + θ
2
J2
]
, (42)
where the parameter θ appearing in the quadratic source term J2 of eq.(42) takes into account the UV divergences
present in the vacuum correlation function 〈((Ah)aµ)2(x)((Ah)bν)2(y)〉 when x→ y. Moreover, as argued in [11], it is not
necessary to add a quadratic term in J˜ , due to the absence of UV divergences in 〈(ω¯aiωai−ϕ¯aiϕai)x(ω¯aiωai−ϕ¯aiϕai)y〉,
for x→ y.
For future use, it will be also necessary to introduce an extra term depending on external sources given by
Sextra =
∫
d4x
[−ΞaµDabµ (Ah)ηb +Xi ηaω¯ai + Y i ηaϕ¯ai + X¯abi ηaωbi + Y¯ abi ηaϕbi ] . (43)
The whole new set of sources is invariant under BRST transformations, i.e.
sΩaµ = sL
a = sJ aµ = sKa = sJ = sJ˜ = sΞaµ = sXi = sY i = sX¯i = sY¯ i = 0 . (44)
After the introduction of the external sources, for the complete extended classical action Σ one has
Σ = SLCGFP −
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb
−
∫
d4x
(
Maiµ D
ab
µ (A
h)ϕbi + V aiµ D
ab
µ (A
h)ϕ¯bi −Naiµ Dabµ (Ah)ωbi + Uaiµ Dabµ (Ah)ω¯bi +Maiµ V aiµ −Naiµ Uaiµ
)
+
∫
d4x
[
−ΩaµDabµ cb +
1
2
Lafabccbcc + J aµ (Ah)aµ +Kagab(ξ)cb
]
+
∫
d4x
[
J(Ah)aµ(A
h)aµ + J˜(ω¯
aiωai − ϕ¯aiϕai) + θ
2
J2
]
+
∫
d4x
[−ΞaµDabµ (Ah)ηb +Xi ηaω¯ai + Y i ηaϕ¯ai + X¯abi ηaωbi + Y¯ abi ηaϕbi ] , (45)
with
sΣ = 0 . (46)
C. Extended BRST symmetry
As dicussed in [51, 67], it turns out to be convenient to extend the action of the BRST operator s on the parameter
α as
sα = χ , (47)
where χ is a constant Grassmann parameter with ghost number 1, to be set to zero at the end of the algebraic analysis.
Following [67], such a transformation plays a pivotal role in order to control the gauge parameter (in)dependence of
correlation functions. For the renormalizability proof we shall present, we employ (47) as well. Furthermore, it can
be shown that, besides the BRST invariance, eq.(46), the action (45) enjoys a second nilpotent exact symmetry:
δΣ = 0 , (48)
where δ is given by
δϕai = ωai , δωai = 0
δω¯ai = ϕ¯ai , δϕ¯ai = 0
δNaiµ = M
ai
µ , δM
ai
µ = 0
δV aiµ = U
ai
µ , δU
ai
µ = 0 ,
δY i = Xi , δXi = 0 ,
δX¯abi = −Y¯ abi , δY¯ abi = 0 , (49)
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with δ2 = 0. The transformations (49) reveal a doublet structure for the localizing Zwanziger fields and sources.
Moreover, by taking into account that {s, δ} = 0, one can define a single extended nilpotent operator Q defined by
Q = s+ δ , Q2 = 0 . (50)
Also, for future applications, it turns out to be useful to embed the source J˜ into a Q-doublet by means of the
introduction of the source H, transforming as
QJ˜ = H , QH = 0 . (51)
Summarizing, the full set of extended Q-transformations are given by
QAaµ = −Dabµ cb , Qca =
1
2
fabccbcc ,
Qc¯a = iba , Qba = 0 ,
Qϕabµ = ω
ab
µ , Qω
ab
µ = 0 ,
Qω¯abµ = ϕ¯
ab
µ , Qϕ¯
ab
µ = 0 ,
Qξa = gab(ξ)cb , QAh,aµ = 0 ,
Qτa = 0 , Qη¯a = 0 ,
Qηa = 0 , Qα = χ ,
Qχ = 0 , QNaiµ = M
ai
µ ,
QV aiµ = U
ai
µ , QU
ai
µ = 0 ,
QY i = Xi , QXi = 0 ,
QX¯abi = −Y¯ abi , QY¯ abi = 0 ,
QΩaµ = 0 , QL
a = 0 ,
QKa = 0 , QJ aµ = 0 ,
QJ = 0 , QJ˜ = H ,
QH = 0 , QΞaµ = 0 . (52)
The complete classical action Σ invariant under the extended transformations (52) is, explicitly,
Σ =
1
4g2
∫
d4x F aµνF
a
µν +
∫
d4x
(
iba∂µA
a
µ +
α
2
baba − i
2
χc¯aba + c¯a∂µD
ab
µ c
b
)
−
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ
− ω¯acµ Mab(Ah)ωbcµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb −
∫
d4x
(
Maiµ D
ab
µ (A
h)ϕbi + V aiµ D
ab
µ (A
h)ϕ¯bi
− Naiµ Dabµ (Ah)ωbi + Uaiµ Dabµ (Ah)ω¯bi +Maiµ V aiµ −Naiµ Uaiµ
)
+
∫
d4x
[
−ΩaµDabµ cb +
1
2
Lafabccbcc + J aµ (Ah)aµ
+ Kagab(ξ)cb
]
+
∫
d4x
[
J(Ah)aµ(A
h)aµ + J˜(ω¯
aiωai − ϕ¯aiϕai) +Hω¯aiϕai + θ
2
J2
]
+
∫
d4x
[−ΞaµDabµ (Ah)ηb +Xi ηaω¯ai + Y i ηaϕ¯ai + X¯abi ηaωbi + Y¯ abi ηaϕbi ] , (53)
with
QΣ = 0 . (54)
As already pointed out, the action Σ is an enlarged action which reduces to the original one (34) when the sources
attain suitable physical values, summarized below
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Fields A b c c¯ ξ ϕ¯ ϕ ω¯ ω α χ τ η η¯
Dimension 1 2 0 2 0 1 1 1 1 0 0 2 0 2
c-ghost number 0 0 1 −1 0 0 0 −1 1 0 1 0 0 0
η-ghost number 0 0 0 0 0 0 0 0 0 0 0 0 1 −1
U(f)-charge 0 0 0 0 0 −1 1 −1 1 0 0 0 0 0
Nature B B F F B B B F F B F B F F
TABLE I. The quantum numbers of fields.
Sources Ω L K J J M N U V J˜ H Ξ X Y X¯ Y¯
Dimension 3 4 4 2 3 2 2 2 2 2 2 3 3 3 3 3
c-ghost number −1 −2 −1 0 0 0 −1 1 0 0 1 0 1 0 −1 0
η-ghost number 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −1 −1 −1
U(f)-charge 0 0 0 0 0 −1 −1 1 1 0 0 0 1 1 −1 −1
Nature F B F B B B F F B B F F B F B F
TABLE II. The quantum numbers of sources.
χ
∣∣∣
phys
= Ωaµ
∣∣∣
phys
= La
∣∣∣
phys
= Ka
∣∣∣
phys
= J aµ
∣∣∣
phys
= H
∣∣∣
phys
= 0 ,
Ξaµ
∣∣∣
phys
= Xi
∣∣∣
phys
= Y i
∣∣∣
phys
= X¯abi
∣∣∣
phys
= Y¯ abi
∣∣∣
phys
= 0 ,
J
∣∣∣
phys
=
m2
2
, J˜
∣∣∣
phys
= M2 ,
Mabµν
∣∣∣
phys
= V abµν
∣∣∣
phys
= γ2δabδµν , N
ab
µν
∣∣∣
phys
= Uabµν
∣∣∣
phys
= 0 , (55)
so that
Σ
∣∣∣
phys
= SLCGRGZ . (56)
Since the action SLCGRGZ can be seen as a particular case of the more general extended action Σ, the renormalizability
of Σ will imply that of SLCGRGZ .
Let us also notice that, thanks to the parametrization (31), it is simple to check that
g2
∂Σ
∂g2
= − 1
4g2
∫
d4x F aµνF
a
µν , (57)
a feature that will be exploited in the proof of the renormalizability. For the benefit of the reader, the quantum
numbers of fields, sources and parameters of the theory are collected in tables I and II.
IV. WARD IDENTITIES AND ALGEBRAIC CHARACTERIZATION OF THE MOST GENERAL
COUNTERTERM
The classical extended action Σ defined by eq.(53) enjoys a rich set of symmetries characterized by the following
Ward identities,
• Slavnov-Taylor identity
SQ(Σ) = 0 , (58)
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with
SQ(Σ) =
∫
d4x
(
δΣ
δAaµ
δΣ
δΩaµ
+
δΣ
δca
δΣ
δLa
+
δΣ
δξa
δΣ
δKa
+ iba
δΣ
δc¯a
+ ωai
δΣ
δϕai
+ ϕ¯ai
δΣ
δω¯ai
+Maiµ
δΣ
δNaiµ
+ Uaiµ
δΣ
δV aiµ
+H
δΣ
δJ˜
+Xi
δΣ
δY i
− Y¯ abi δΣ
δX¯abi
)
+ χ
∂Σ
∂α
. (59)
• Anti-ghost equation
δΣ
δc¯a
+ ∂µ
δΣ
δΩaµ
=
i
2
χba . (60)
• Gauge-fixing condition
δΣ
δba
= i∂µA
a
µ + αb
a − i
2
χc¯a . (61)
• Equation of motion of the Lagrange multiplier τa
δΣ
δτa
− ∂µ δΣ
δJ aµ
= 0 . (62)
• Global U(f) symmetry
UijΣ = 0 , (63)
with
Uij =
∫
d4x
(
ϕai
δ
δϕaj
− ϕ¯aj δ
δϕ¯ai
+ ωai
δ
δωaj
− ω¯aj δ
δω¯ai
−Majµ
δ
δMaiµ
+ V aiµ
δ
δV ajµ
− Naj δ
δNai
+ Uai
δ
δUaj
+Xi
δ
δXj
+ Y i
δ
δY j
− X¯abj δ
δX¯abi
− Y¯ abj δ
δY¯ abi
)
. (64)
• Linearly broken constraints
δΣ
δϕ¯ai
+ ∂µ
δΣ
δMaiµ
+ fabcV biµ
δΣ
δJ cµ
= −J˜ϕai + Y iηa , (65)
δΣ
δϕai
+ ∂µ
δΣ
δV aiµ
− fabcϕ¯bi δΣ
δτ c
+ fabcM biµ
δΣ
δJ cµ
= −J˜ ϕ¯ai −Hω¯ai + Y¯ baiηb , (66)
δΣ
δω¯ai
+ ∂µ
δΣ
δNaiµ
− fabcU biµ
δΣ
δJ cµ
= J˜ωai −Hϕai −Xiηa , (67)
δΣ
δωai
+ ∂µ
δΣ
δUaiµ
− fabcω¯bi δΣ
δτ c
+ fabcN biµ
δΣ
δJ cµ
= −J˜ ω¯ai − X¯baiηa . (68)
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• c-ghost number and η-ghost number Ward identities
∫
d4x
(
ca
δΣ
δca
− c¯a δΣ
δc¯a
+ ωai
δΣ
δωai
− ω¯ai δΣ
δω¯ai
− Ωaµ
δΣ
δΩaµ
− 2La δΣ
δLa
−Ka δΣ
δKa
+ Uai
δΣ
δUai
− Naiµ
δΣ
δNaiµ
− J˜ ∂Σ
δJ˜
+Xi
δΣ
δXi
− X¯abi δΣ
δX¯abi
)
+ χ
∂Σ
∂χ
= 0 , (69)
∫
d4x
(
ηa
δΣ
δηa
− η¯a δΣ
δη¯a
− Ξaµ
δΣ
δΞaµ
−Xi δΣ
δXi
− Y i δΣ
δY i
− X¯abi δΣ
δX¯abi
− Y¯ abi δΣ
δY¯ abi
)
= 0 . (70)
• Exact Rij symmetry
RijΣ = 0 , (71)
with
Rij =
∫
d4x
(
ϕai
δ
δωaj
− ω¯aj δ
δϕ¯ai
+ V aiµ
δ
δUajµ
−Najµ
δ
δMaiµ
+ X¯abj
δ
δY¯ abi
+ Y i
δ
δXj
)
. (72)
• Local η¯ equation
δΣ
δη¯a
+ ∂µ
δΣ
δΞaµ
= 0 . (73)
• Integrated linearly broken η equation
∫
d4x
(
δΣ
δηa
+ fabcη¯b
δΣ
δτ c
− fabcΞbµ
δΣ
δJ cµ
)
=
∫
d4x
(−Y¯ abiϕbi + X¯abiωbi +Xω¯ai − Y iϕ¯ai) . (74)
• Identities that mix the Zwanziger ghosts with the new ghosts
W i(1)(Σ) =
∫
d4x
(
ω¯ai
δΣ
δη¯a
+ ηa
δΣ
δωai
+Naiµ
δΣ
δΞaµ
+ J˜
δΣ
δXi
)
= 0 , (75)
W i(2)(Σ) =
∫
d4x
(
ϕ¯ai
δΣ
δη¯a
− ηa δΣ
δϕai
+Maiµ
δΣ
δΞaµ
− J˜ δΣ
δY i
+H
δΣ
δXi
)
= 0 , (76)
W i(3)(Σ) =
∫
d4x
(
ϕai
δΣ
δη¯a
− ηa δΣ
δϕ¯ai
− fabc δΣ
δY¯ abi
δΣ
δτ c
− V aiµ
δΣ
δΞaµ
+ J˜
δΣ
δY¯ aai
)
= 0 , (77)
W i(4)(Σ) =
∫
d4x
(
ωai
δΣ
δη¯a
− ηa δΣ
δω¯ai
+ fabc
δΣ
δX¯abi
δΣ
δτ c
+ Uaiµ
δΣ
δΞaµ
+ J˜
δΣ
δX¯aai
+H
δΣ
δY¯ aai
)
= 0 . (78)
In order to characterize the most general invariant counterterm, which can be freely added to all orders in perturbation
theory, we follow the setup of the algebraic renormalization [62] and perturb the classical action Σ by adding an
integrated local quantity in the fields and sources, ΣCT, with dimension bounded by four and vanishing c and η-ghost
number. We demand thus that the perturbed action, (Σ + ΣCT), where  is an expansion parameter, fulfills, to the
first order in , the same Ward identities obeyed by the classical action, i.e.
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SQ(Σ + ΣCT) = O(2) ,(
δ
δc¯a
+ ∂µ
δ
δΩaµ
)
(Σ + ΣCT)− i
2
χba = O(2) ,
δ
δba
(Σ + ΣCT) = i∂µA
a
µ + αb
a − i
2
χc¯a +O(2) ,(
δ
δτa
− ∂µ δ
δJ aµ
)
(Σ + ΣCT) = O(2) ,
Uij(Σ + ΣCT) = O(2) ,(
δ
δϕ¯ai
+ ∂µ
δ
δMaiµ
+ fabcV biµ
δ
δJ cµ
)
(Σ + ΣCT) = −J˜ϕai + Y iηa +O(2) ,(
δ
δϕai
+ ∂µ
δ
δV aiµ
− fabcϕ¯bi δ
δτ c
+ fabcM biµ
δ
δJ cµ
)
(Σ + ΣCT) = −J˜ ϕ¯ai −Hω¯ai + Y¯ baiηb +O(2)(
δ
δω¯ai
+ ∂µ
δ
δNaiµ
− fabcU biµ
δ
δJ cµ
)
(Σ + ΣCT) = J˜ω
ai −Hϕai −Xiηa +O(2) ,(
δ
δωai
+ ∂µ
δ
δUaiµ
− fabcω¯bi δ
δτ c
+ fabcN biµ
δ
δJ cµ
)
(Σ + ΣCT) = −J˜ ω¯ai − X¯baiηb +O(2) ,
Rij(Σ + ΣCT) = O(2) ,(
δ
δη¯a
+ ∂µ
δ
δΞaµ
)
(Σ + ΣCT) = O(2) ,∫
d4x
(
δ
δηa
+ fabcη¯b
δ
δτ c
− fabcΞbµ
δ
δJ cµ
)
(Σ + ΣCT) =
∫
d4x
(−Y¯ abiϕbi + X¯abiωbi +Xω¯ai − Y iϕ¯ai)+O(2) ,
W i(1,2,3,4)(Σ + ΣCT) = O(2) . (79)
As a consequence of the first condition of eqs.(79), i.e. SQ(Σ + ΣCT) = O(2), one gets
BQΣCT = 0 , (80)
where BQ is the so-called linearized nilpotent Slavnov-Taylor operator,
BQ =
∫
d4x
(
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δca
δ
δLa
+
δΣ
δLa
δ
δca
+
δΣ
δξa
δ
δKa
+
δΣ
δKa
δ
δξa
+ iba
δ
δc¯a
+ ωai
δ
δϕai
+ ϕ¯ai
δ
δω¯ai
+Maiµ
δ
δNaiµ
+ Uaiµ
δ
δV aiµ
+H
δ
δJ˜
+Xi
δ
δY i
− Y¯ abi δ
δX¯abi
)
+ χ
∂
∂α
, (81)
with
BQBQ = 0 . (82)
Equation (80) tells us that the invariant counterterm ΣCT belongs to the cohomolgy of BQ in the space of the integrated
local polynomials in the fields and sources with c and η-ghost number zero and bounded by dimension four. Owing
to the general results on the cohomology of Yang-Mills theories, see [62], the general solution of (80) can be written
as
ΣCT = ∆ + BQ∆(−1) , (83)
with ∆ and ∆(−1) integrated local polynomials in the fields and sources of dimension bounded by four and ghost
number zero and minus one, respectively, and BQ∆ = 0, with ∆ 6= BQ(. . .). At this point one sees the usefulness of
the extended operator Q. The auxiliary fields and sources introduced due to the restriction of the functional measure
to the Gribov region are doublets with respect to Q, implying that they belong to the exact part of the cohomology
15
of BQ [62], i.e. they appear only in ∆(−1). Keeping this fact in mind, the most general structure allowed for ∆ can
be written as
∆ =
∫
d4x
[
c0
4g2
F aµνF
a
µν + c1(∂µ(A
h)aµ)(∂ν(A
h)aν) + c2(∂µ(A
h)aν)(∂µ(A
h)aν) + c3f
abc(Ah)aµ(A
h)bν∂µ(A
h)cν
+ λabcd(Ah)aµ(A
h)bµ(A
h)cν(A
h)dν + Jˆ aµOaµ(A, ξ) + JO(A, ξ) + c4(∂µη¯a + Ξaµ)(∂µηa)
+ fabc(∂µη¯
a + Ξaµ)P
b
µ(A, ξ)η
c + c5
θ
2
J2
]
, (84)
where (c0, c1, . . . , c5, λ) are arbitrary dimensionless coefficients, while Oaµ(A, ξ), O(A, ξ) and Pbµ(A, ξ) are local expres-
sions in Aaµ and ξ
a with ghost number zero and dimension one and two, respectively.
In equation (84) we have already taken into account the fact that, due to the Ward identity (62), the variables
(τa,J aµ ) can enter the counterterm only through the combination
Jˆ aµ = J aµ − ∂µτa . (85)
Furthermore, from (83), one gets
BQOaµ(A, ξ) = QOaµ(A, ξ) = sOaµ(A, ξ) = 0 ,
BQO(A, ξ) = QO(A, ξ) = sO(A, ξ) = 0 ,
BQPaµ(A, ξ) = QPaµ(A, ξ) = sPaµ(A, ξ) = 0 , (86)
implying the BRST-invariance of Oaµ(A, ξ), O(A, ξ) and Paµ(A, ξ). In [63], the general solution of eqs.(86) was worked
out6, yielding
Oaµ(A, ξ) = b1(Ah)aµ , (87)
and
O(A, ξ) = b2
2
(Ah)aµ(A
h)aµ , (88)
Paµ(A, ξ) = b3(A
h)aµ , (89)
with (b1, b2, b3) free dimensionless parameters. As a consequence, the most general expression for ∆ after the imposition
of (86) is expressed as
∆ =
∫
d4x
[
c0
4g2
F aµνF
a
µν + c1(∂µ(A
h)aµ)(∂ν(A
h)aν) + c2(∂µ(A
h)aν)(∂µ(A
h)aν) + c3f
abc(Ah)aµ(A
h)bν∂µ(A
h)cν
+ λabcd(Ah)aµ(A
h)bµ(A
h)cν(A
h)dν + b1Jˆ aµ (Ah)aµ + b2
J
2
(Ah)aµ(A
h)aµ + c4(∂µη¯
a + Ξaµ)(∂µη
a)
+ b3f
abc(∂µη¯
a + Ξaµ)(A
h)bνη
c + c5
θ
2
J2
]
. (90)
We should remark that, since the parameters (α, χ) were introduced as a Q-doublet, they do not enter in the non-
trivial part of the cohomology of Q. As a consequence, these parameters do not appear in ∆.
6 Although the explicit solution for Paµ(A, ξ) was not shown in [63], the reasoning is exactly the same as for Oaµ(A, ξ) and O(A, ξ).
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Before characterizing the exact part of the cohomology, i.e. ∆(−1), one notices that if we set
J = J˜ = M = N = V = U = H = χ = K = J = Ξ = X = Y = X¯ = Y¯ = 0 (91)
in (53), the resulting action is7
ΣLCG =
1
4g2
∫
d4x F aµνF
a
µν +
∫
d4x
(
iba∂µA
a
µ +
α
2
baba + c¯a∂µD
ab
µ c
b
)
−
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ
− ω¯acµ Mab(Ah)ωbcµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb , (92)
which is the Yang-Mills gauge-fixed action in the linear covariant gauges with the addition of the following terms:
−
∫
d4x
(
ϕ¯acµ M
ab(Ah)ϕbcµ − ω¯acµ Mab(Ah)ωbcµ
)
+
∫
d4x τa∂µ(A
h)aµ −
∫
d4x η¯aMab(Ah)ηb . (93)
However, upon integration over (ϕ¯, ϕ, ω¯, ω) and (τ, η¯, η), the terms (93) give rise to a unity. Therefore, correlation
functions of the original fields of the Faddeev-Popov quantization, i.e. (A, c¯, c, b), are the same as those computed
with the standard Yang-Mills action in the linear covariant gauges (27). From this observation, it follows that, in the
limit (91), the counterterm (90) should reduce to the standard one in the Faddeev-Popov action in linear covariant
gauges, see also [63]. This gives
c1 = c2 = c3 = 0 , c4 = b3 , λ
abcd = 0 , (94)
yielding
∆ =
∫
d4x
[
c0
4g2
F aµνF
a
µν + b1Jˆ aµ (Ah)aµ + b2
J
2
(Ah)aµ(A
h)aµ + c4(∂µη¯
a + Ξaµ)D
ab
µ (A
h)ηb + c5
θ
2
J2
]
. (95)
Finally, the Ward identity (74) imposes the following constraint
c4 = −b1 . (96)
Let us proceed thus with the characterization of the trivial part of the cohomology of BQ, i.e. ∆(−1). Keeping in mind
that ∆(−1) must have dimension bounded by four, be a local expression in the fields and sources and ghost number
minus one, it follows that the most general term allowed by the constraint (79) is
∆(−1) =
∫
d4x
[
fab1 (ξ, α)(Ω
a
µ + ∂µc¯
a)Abµ + f
ab
2 (ξ, α)c
aLb +Kafab(ξ, α)ξb+
− b1
(
V aiµ N
ai
µ + V
ai
µ D
ab
µ (A
h)ω¯bi +Naiµ D
ab
µ (A
h)ϕbi + (∂µω¯
ai)Dabµ (A
h)ϕbi
)]
, (97)
with fab1 (ξ, α), f
ab
2 (ξ, α) and f
ab(ξ, α) arbitrary functions of ξa and α. Invoking again the limit (91), one is able to
conclude that
fab1 (ξ, α) = δ
abd1 , f
ab
2 (ξ, α) = δ
abd2 , (98)
where (d1, d2) are free parameters which might be α-dependent. Acting with BQ on ∆(−1) one obtains
7 Modulo the standard external BRST sources (Ω, L) terms.
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BQ∆(−1) =
∫
d4x
{
d1
(
δΣ
δAaµ
+ i∂µb
a
)
Aaµ − d1(Ωaµ + ∂µc¯a)
δΣ
δΩaµ
+ d2
(
δΣ
δLa
La +
δΣ
δca
ca
)
+
δΣ
δξa
fab(ξ)ξb
− Kb δΣ
δKa
(
∂f bc
∂ξa
ξc + f ba(ξ)
)
+ b1f
abc(Ah)cµ
(
Uaiµ ω¯
bi + V aiµ ϕ¯
bi +Maiµ ϕ
bi −Naiµ ωbi − ωai∂µω¯bi
− ϕai∂µϕ¯bi
)− b1[Uaiµ Naiµ + V aiµ Maiµ + Uaiµ ∂µω¯ai + V aiµ ∂µϕ¯ai +Maiµ ∂µϕai −Naiµ ∂µωai
+ (∂µϕ¯
ai)∂µϕ
ai − (∂µω¯ai)∂µωai
]
+ χ
∂d2
∂α
Laca + χKa
∂fab
∂α
ξb + χ
∂d1
∂α
(Ωaµ + ∂µc¯
a)Aaµ
}
. (99)
Therefore, for ΣCT, we get
ΣCT = ∆ + BQ∆(−1)
=
∫
d4x
[
c0
4g2
F aµνF
a
µν + b1Jˆ aµ (Ah)aµ + b2
J
2
(Ah)aµ(A
h)aµ − b1(∂µη¯a + Ξaµ)Dabµ (Ah)ηb +
c5
2
J2
]
+
∫
d4x
{
d1
(
δΣ
δAaµ
+ i∂µb
a
)
Aaµ − d1(Ωaµ + ∂µc¯a)
δΣ
δΩaµ
+ d2
(
δΣ
δLa
La +
δΣ
δca
ca
)
+
δΣ
δξa
fab(ξ)ξb
− Kb δΣ
δKa
(
∂f bc
∂ξa
ξc + f ba(ξ)
)
+ b1f
abc(Ah)cµ
(
Uaiµ ω¯
bi + V aiµ ϕ¯
bi +Maiµ ϕ
bi −Naiµ ωbi − ωai∂µω¯bi
− ϕai∂µϕ¯bi
)− b1[Uaiµ Naiµ + V aiµ Maiµ + Uaiµ ∂µω¯ai + V aiµ ∂µϕ¯ai +Maiµ ∂µϕai −Naiµ ∂µωai
+ (∂µϕ¯
ai)∂µϕ
ai − (∂µω¯ai)∂µωai
]
+ χ
∂d2
∂α
Laca + χKa
∂fab
∂α
ξb + χ
∂d1
∂α
(Ωaµ + ∂µc¯
a)Aaµ
}
. (100)
Having determined the most general invariant local counterterm compatible with the symmetries of the theory given
by (100), one should check the stability of the theory, namely, that (100) can be reabsorbed in the original action (53)
through a redefinition of the fields, parameters and sources. Before showing this, it is important to express (100) in
the parametric form, see [63], a task which will be done in the following subsection.
A. Parametric form of the counterterm
Having characterized the most general local invariant counterterm compatible with the Ward identities (79), let
us proceed to prove that it can be re-absorbed in the original action Σ by means of a suitable redefinitions of fields,
sources and parameters. In this case, it turns out to be useful to cast the counterterm in the parametric form, see
[63]. To this end, we express the counterterm (100) as8
ΣCT =
8∑
n=1
ΣCTn (101)
8 In the following, we have implemented the following redefinitions (c0, c5, d1, d2) → (a0, b3, a1, a2). Also, since we have already exploited
the dependence from α of the counterterm, we can set χ = 0 from now on.
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with
ΣCT1 =
a0
4g2
∫
d4x F aµνF
a
µν ,
ΣCT2 = b1
∫
d4x J aµAh,aµ ,
ΣCT3 = b1
∫
d4x
(
τa∂µA
h,a
µ − (∂µη¯a + Ξaµ)Dabµ (Ah)ηb
)
,
ΣCT4 =
∫
d4x
(
b2
J
2
Ah,aµ A
h,a
µ + b3
θ
2
J2
)
,
ΣCT5 = a1
∫
d4x
(−iba∂µAaµ) ,
ΣCT6 = a1
∫
d4x c¯a∂µ
δΣ
δΩaµ
,
ΣCT7 =
∫
d4x
(
a1A
a
µ
δΣ
δAaµ
− a1Ωaµ
δΣ
δΩaµ
+ a2L
a δΣ
δLa
+ a2c
a δΣ
δca
+ fab(ξ)ξb
δΣ
δξa
−Ka δΣ
δKa
∂f bc
∂ξa
ξc −Kb δΣ
δKa
f ba(ξ)
)
,
ΣCT8 = b1
∫
d4x
(
ϕ¯aiMab(Ah)ϕbi − ω¯aiMab(Ah)ωbi + Uaiµ Dabµ (Ah)ω¯bi + V aiDabµ (Ah)ϕ¯bi +Maiµ Dabµ (Ah)ϕbi
− Naiµ Dabµ (Ah)ωbi + Uaiµ Naiµ + V aiµ Maiµ
)
. (102)
One can employ eq.(57) to write
ΣCT1 = −a0g2
∂Σ
∂g2
. (103)
Also, one should notice that
δΣ
δJ aµ
= Ah,aµ ,
δΣ
δτa
= ∂µA
h,a
µ ,
δΣ
δη¯a
= ∂µD
ab
µ (A
h)ηb ,
δΣ
δηa
= −Dabµ (Ah)∂µη¯b − Y¯ abiϕbi + X¯abiωbi +Xiω¯ai − Y iϕ¯bi −Dabµ (Ah)Ξbµ ,
δΣ
δXi
= ηaω¯ai ,
δΣ
δY i
= ηaϕ¯ai ,
δΣ
δX¯abi
= ηaωbi ,
δΣ
δY¯ abi
= ηaϕbi ,
δΣ
δJ
=
1
2
Ah,aµ A
h,a
µ + θJ ,
θ
∂Σ
∂θ
=
∫
d4x
θ
2
J2 , (104)
which imply
ΣCT2 = b1
∫
d4x J aµ
δΣ
δJ aµ
,
ΣCT3 = b1
∫
d4x
[
τa
δΣ
δτa
+
1
2
(
η¯a
δΣ
δη¯a
+ ηa
δΣ
δηa
+ Ξaµ
δΣ
δΞaµ
−Xi δΣ
δXi
− Y i δΣ
δY i
− X¯abi δΣ
δX¯abi
− Y¯ abi δΣ
δY¯ abi
)]
,
ΣCT4 = b2
∫
d4x J
δΣ
δJ
+ (b3 − 2b2)θ∂Σ
∂θ
. (105)
Concerning the term ΣCT5 , one recognizes that it can be expressed in parametric form by taking into account that
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δΣ
δba
= i∂µA
a
µ + αb
a ,
∂Σ
∂α
=
1
2
baba . (106)
Hence,
ΣCT5 = −a1
∫
d4x ba
δΣ
δba
+ 2a1α
∂Σ
∂α
. (107)
The term ΣCT6 can be expressed in parametric form by using the fact that
δΣ
δc¯a
= −∂µ δΣ
δΩaµ
, (108)
which yields
ΣCT6 = −a1
∫
d4x c¯a
δΣ
δc¯a
. (109)
In order to write ΣCT8 in parametric form, one should employ the relations
∫
d4x ϕ¯ai
δΣ
δϕ¯ai
=
∫
d4x
[
ϕ¯ai∂2ϕai − fabcAh,cµ ϕai∂µϕ¯bi − V aiµ ∂µϕ¯ai + fabcAh,cµ V aiµ ϕ¯bi − J˜ ϕ¯aiϕai + Y iηaϕ¯ai
]
,∫
d4x ω¯ai
δΣ
δω¯ai
=
∫
d4x
[
−ω¯ai∂2ωai + fabcω¯ai∂µ(Ah,cµ ωbi)− ω¯ai∂µUaiµ − f bacω¯aiU biµ Ah,cµ + J˜ ω¯aiωai
+ Hω¯aiϕai +Xiηaω¯ai
]
,∫
d4x ϕai
δΣ
δϕai
=
∫
d4x
[
ϕai∂2ϕ¯ai + fabcϕbi(∂µϕ¯
ai)Ah,cµ + ϕ
ai∂µM
ai
µ + f
abcϕbiMaiµ A
h,c
µ − J˜ ϕ¯aiϕai
+ Hω¯aiϕai + Y¯ abiηaϕbi
]
,∫
d4x ωai
δΣ
δωai
=
∫
d4x
[
ωai∂2ω¯ai + fabcωbi(∂µω¯
ai)Ah,cµ + ω
ai∂µN
ai
µ + f
abcωbiNaiµ A
h,c
µ − J˜ωaiω¯ai + X¯abiηaωbi
]
,∫
d4x Maiµ
δΣ
δMaiµ
=
∫
d4x
[−Maiµ Dabµ (Ah)ϕbi −Maiµ V aiµ ] ,∫
d4x V aiµ
δΣ
δV aiµ
=
∫
d4x
[−V aiµ Dabµ (Ah)ϕ¯bi − V aiµ Maiµ ] ,∫
d4x Naiµ
δΣ
δNaiµ
=
∫
d4x
[
Naiµ D
ab
µ (A
h)ωbi +Naiµ U
ai
µ
]
,∫
d4x Uaiµ
δΣ
δUaiµ
=
∫
d4x
[−Uaiµ Dabµ (Ah)ω¯bi − Uaiµ Naiµ ] , (110)
and
δΣ
δJ˜
= ω¯aiωai − ϕ¯aiϕai , δΣ
δH
= ω¯aiϕai . (111)
This entails that
ΣCT8 = −
b1
2
∫
d4x
[
ϕ¯ai
δΣ
δϕ¯ai
+ ϕai
δΣ
δϕai
+ ω¯ai
δΣ
δω¯ai
+ ωai
δΣ
δωai
+Maiµ
δΣ
δMaiµ
+ V aiµ
δΣ
δV aiµ
+Naiµ
δΣ
δNaiµ
+ Uai
δΣ
δUaiµ
+ 2J˜
δΣ
δJ˜
+ 2H
δΣ
δH
−Xi δΣ
δXi
− Y i δΣ
δY i
− X¯abi δΣ
δX¯abi
− Y¯ abi δΣ
δY¯ abi
]
. (112)
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Consequently, the expression of the counterterm ΣCT in parametric form is
ΣCT = −a0g2 ∂Σ
∂g2
+ b1
∫
d4x J aµ
δΣ
δJ aµ
+ b1
∫
d4x
[
τa
δΣ
δτa
+
1
2
(
η¯a
δΣ
δη¯a
+ ηa
δΣ
δηa
+ Ξaµ
δΣ
δΞaµ
)]
+ b2
∫
d4x J
δΣ
δJ
+ (b3 − 2b2)θ∂Σ
∂θ
− a1
∫
d4x ba
δΣ
δba
+ 2a1α
∂Σ
∂α
− a1
∫
d4x c¯a
δΣ
δc¯a
+
∫
d4x
[
a1A
a
µ
δΣ
δAaµ
− a1Ωaµ
δΣ
δΩaµ
+ a2L
a δΣ
δLa
+ a2c
a δΣ
δca
+ fab(ξ)ξb
δΣ
δξa
−Ka δΣ
δKa
(
∂f bc
∂ξa
ξc + f ba(ξ)
)]
− b1
2
∫
d4x
[
ϕ¯ai
δΣ
δϕ¯ai
+ ϕai
δΣ
δϕai
+ ω¯ai
δΣ
δω¯ai
+ ωai
δΣ
δωai
+Maiµ
δΣ
δMaiµ
+ V aiµ
δΣ
δV aiµ
+Naiµ
δΣ
δNaiµ
+ Uai
δΣ
δUaiµ
+ 2J˜
δΣ
δJ˜
+ 2H
δΣ
δH
]
, (113)
which can be immediately rewritten as
ΣCT = RΣ , (114)
where R stands for the operator
R = −a0g2 ∂
∂g2
+ b1
∫
d4x J aµ
δ
δJ aµ
+ b1
∫
d4x
[
τa
δ
δτa
+
1
2
(
η¯a
δ
δη¯a
+ ηa
δ
δηa
+ Ξaµ
δ
δΞaµ
)]
+ b2
∫
d4x J
δ
δJ
+ (b3 − 2b2)θ ∂
∂θ
− a1
∫
d4x ba
δ
δba
+ 2a1α
∂
∂α
− a1
∫
d4x c¯a
δ
δc¯a
+
∫
d4x
[
a1A
a
µ
δ
δAaµ
− a1Ωaµ
δ
δΩaµ
+ a2L
a δ
δLa
+ a2c
a δ
δca
+ fab(ξ)ξb
δ
δξa
−Ka
(
∂f bc
∂ξa
ξc + f ba(ξ)
)
δ
δKa
]
− b1
2
∫
d4x
[
ϕ¯ai
δ
δϕ¯ai
+ ϕai
δ
δϕai
+ ω¯ai
δ
δω¯ai
+ ωai
δ
δωai
+Maiµ
δ
δMaiµ
+ V aiµ
δ
δV aiµ
+Naiµ
δ
δNaiµ
+ Uai
δ
δUaiµ
+ 2J˜
δ
δJ˜
+ 2H
δ
δH
]
. (115)
Expression (114) turns out to be quite useful for the analysis of the satbility of the starting action Σ, as addressed in
the next subsection.
B. Stability of the action Σ
In order to end the algebraic proof of the renormalizability of (53), one should prove that the counterterm (114)
can be re-absorbed into the initial action Σ through a suitable redefinition of fields, sources and parameters. The
determination of those redefinitions is made very easy once one knows the counterterm written in its parametric
form, as in (113). If the counterterm (113) can be re-abosrbed in the starting action, then, to the first order in the
parameter expansion , the following relation should hold [62], i.e.
Σ[Φ0] = Σ[Φ] + Σ
CT[Φ] +O() , (116)
where Φ stands for all fields, sources and parameters of the theory. From (114), one concludes that
Σ[Φ0] = Σ[Φ] + RΣ[Φ] +O() , (117)
and due to the form of R, it is easy to see that
Φ0 = (1 + R)Φ . (118)
The fields, sources and parameters are redefined thus according to
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A0 = Z
1/2
A A , b0 = Z
1/2
b b , c0 = Z
1/2
c c , c¯0 = Z
1/2
c¯ c¯ ,
ξa0 = Z
ab
ξ (ξ)ξ
b , τ0 = Z
1/2
τ τ , η0 = Z
1/2
η η , η¯0 = Z
1/2
η¯ η¯ ,
ϕ¯0 = Z
1/2
ϕ¯ ϕ¯ , ϕ0 = Z
1/2
ϕ ϕ , ω¯0 = Z
1/2
ω¯ ω¯ , ω0 = Z
1/2
ω ω ,
Ω0 = ZΩΩ , L0 = ZLL , K
a
0 = Z
ab
K (ξ)K
b , J0 = ZJJ ,
J0 = ZJJ , J˜0 = ZJ˜ J˜ , H0 = ZHH , g0 = Zgg ,
α0 = Zαα , θ0 = Zθθ , M0 = ZMM , V0 = ZV V ,
N0 = ZNN , U0 = ZUU , Ξ0 = ZΞ Ξ , X0 = ZXX ,
Y0 = ZY Y , X¯0 = ZX¯X¯ , Y¯0 = ZY¯ Y¯ . (119)
with
Z
1/2
A = 1 + a1 , Z
1/2
c = 1 + a2 , Zg = 1− 
a0
2
, Z1/2τ = 1 + b1 , ZJ = 1 + b2
Zθ = 1 + (b3 − 2b2) , Zabξ (ξ) = δab + fab(ξ) , ZabK (ξ) = δab − 
(
f ba(ξ) +
∂f bc
∂ξa
ξc
)
. (120)
For the other fields, sources and parameters, the following relations hold
Z
1/2
A = Z
−1
Ω = Z
−1/2
c¯ = Z
−1/2
b = Z
1/2
α ,
Z1/2τ = Zη¯ = Zη = Z
2
Ξ = ZJ ,
Z1/2c = ZL , ZX = ZY = ZX¯ = ZY¯ = 1 , (121)
while for those fields and sources introduced to implement the Gribov horizon one has
Z−1/4τ = Z
1/2
ϕ¯ = Z
1/2
ϕ = Z
1/2
ω¯ = Z
1/2
ω = ZM = ZV = ZN = ZU = Z
1/2
J˜
= Z
1/2
H . (122)
We see thus that, under an appropriate redefinition of fields, sources and parameters as described in eq.(120), (121)
and (122), the most general local invariant counterterm compatible with the Ward identities can be re-absorbed in the
classical action (53). Hence, by the algebraic renormalization framework [62], the theory is renormalizable at all orders
in perturbation theory. It is important to emphasize that, due to the fact that the Stueckelberg field is dimensionless,
the associated renormalization factors, (Zabξ (ξ), Z
ab
K (ξ)) are nonlinear in ξ
a, a feature typical of dimensionless fields,
see also [63].
An interesting reamark is that the renormalization factor of the Gribov parameter γ2 is not an independent quantity
of the theory, being expressed in terms of other renormalization factors. In fact, taking the physical limit of the
sources, see (39) and (55), it turns out that
Zγ2 = Z
−1/2
J = Z
1/2
J Z
−1/2
τ = 1−

2
b1 . (123)
In addition, we also have
ZJZ1/2ϕ Z
1/2
ϕ¯ = 1 , ZJZ
1/2
ω Z
1/2
ω¯ = 1 , (124)
which express the nonrenormalization properties of the vertices (Ahφφ¯) and (Ahωω¯), already noticed in [54] where
the study of the renormalizability of the Refined Gribov-Zwanziger action in the linear covariant gauges in the
approximation Ah ≈ AT , with AT the transverse component of the gauge field, was studied.
In conclusion, the action (53) takes into account the existence of infinitesimal Gribov copies in the linear covari-
ant gauges in a local, BRST invariant and renormalizable way.
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V. CONCLUSIONS
In the Landau gauge, dealing with Gribov copies has brought non-trivial infrared effects which might be related
to the confinement of gluons, see [5, 68–70], a fact that has raised the investigation of such effects in other gauges.
In particular, the issue of the Gribov copies in the linear covariant gauges has been object of intense research in the
last years, see [46, 49–55]. In particular, a local and BRST invariant action which takes into account the existence
of Gribov copies in the linear covariant gauges was proposed in [49], within the Gribov-Zwanziger framework. In the
present work, we have been pursuing the study of the action constructed in [49], by proving its renormalizability to all
orders in perturbation theory. This provides a consistent framework in order to perform loop computations, a subject
which is under current investigation. The present work can be naturally extended to the study of the renormalizability
of the Refined-Gribov-Zwanziger action in the presence of non-perturbative matter coupling, as devised in [32]. The
cases of the the maximal Abelian and Curci-Ferrari gauges, see [71, 72], can be addressed as well.
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Appendix A: Remarks on the localization of the BRST-invariant RGZ action
In this appendix, we explicitly show that the BRST invariant local formulation of the Refined Gribov-Zwanziger
action (20) in terms of Ahµ in the Landau gauge is equivalent to the original construction presented in [11]. We begin
with the BRST invariant Refined Gribov-Zwanziger action in the Landau gauge expressed as
SLRGZ = SYM +
∫
d4x
(
iba∂µA
a
µ + c¯
a∂µD
ab
µ c
b
)
+
∫
d4x
[
ϕacµ ∂νD
ab
ν (A
h)ϕbcµ − ω¯acµ ∂νDabν (Ah)ωbcµ − γ2fabcAh,aµ (ϕ+ ϕ¯)bcµ
]
+
m2
2
∫
d4x Ah,aµ A
h,a
µ −M2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯abµ ωabµ
) ∫
d4x τa∂µA
h,a
µ +
∫
d4x η¯a∂µD
ab
µ (A
h)ηb . (A1)
The partition function is written as
Z =
∫
[DΦ] e−S
L
RGZ , (A2)
where Φ = {A, b, c¯, c, ϕ¯, ϕ, ω¯, ω, ξ, τ, η¯, η}. Integrating out the fields (b, τ, η¯, η) one obtains
Z =
∫ [
DΦ˜
]
δ
(
∂µA
a
µ
)
δ
(
∂µA
h,a
µ
)
det
(−∂µDabµ (Ah)) e− ∫ d4x(...) , (A3)
with (. . .) a shorthand notation for the remaining terms in the action (A1) and Φ˜ = {A, c¯, c, ϕ¯, ϕ, ω¯, ω, ξ}. In order to
deal with the delta function δ
(
∂µA
h,a
µ
)
imposing the transversality condition ∂µA
h,a
µ = 0, we make use of
δ(f(x)) =
δ(x− x0)
|f ′(x0)| , (A4)
with f(x0) = 0. Of course, this relation holds if f
′(x0) exists and is non-vanishing. It is possible to construct an
iterative solution for ∂µA
h,a
µ = 0, as described in Appendix A of [46]. Such a solution ξ0 is expressed as
ξ0 =
1
∂2
∂µAµ +
ig
∂2
[
∂µAµ,
∂νAν
∂2
]
+
ig
∂2
[
Aµ, ∂µ
∂νAν
∂2
]
+
ig
2
1
∂2
[
∂µAµ
∂2
, ∂νAν
]
+O(A3) , (A5)
where we have employed the matrix notation of Appendix A of [46]. The important feature of (A5) is that all terms
always contain the divergence of the gauge field, i.e. ∂µA
a
µ.
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Hence, the analogue of (A4) is
δ(∂µA
h,a
µ ) =
δ(ξ − ξ0)
det
(−∂µDabµ (Ah)) , (A6)
where, due to the restriction of the domain of integration in the functional integral to the Gribov region, we have
taken into account that det
(−∂µDabµ (Ah)) > 0. Thus, plugging (A6) into (A3) yields
Z =
∫ [
DΦ˜
]
δ
(
∂µA
a
µ
)
δ(ξ − ξ0)e−
∫
d4x(...) . (A7)
Moreover, one easily sees from (A5) that, due to the presence of δ(∂µA
a
µ), it follows that ξ0 = 0. Therefore,
Z =
∫ [
DΦ˜
]
δ
(
∂µA
a
µ
)
δ(ξ)e−
∫
d4x(...) . (A8)
Finally, reminding that Ahµ = (h
†Aµh+ igh
†∂µh) with h = eigξ
aTa , integration over ξ gives Ahµ = (h
†Aµh+ igh
†∂µh)→
A, so that the original formulation of the Refined Gribov-Zwanziger action in the Landau gauge, as presented in [11],
has been recovered.
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